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Abstract
We exhibit explicit orthogonal decompositions of every multidimensional restricted root space of a real semi-simple
Lie algebra. Although this interesting relation is quite elementary, we did not find it in the literature.
We then show a link between this result and a radiality property of smooth functions
on G-homogeneous spaces when G is a real semi-simple Lie group.
General framework results on real semi-simple Lie algebras that are mentioned below are standard and
can be found e.g. in the reference [Kn02, Chapter 6].
Let g be a real semi-simple Lie algebra and σ a Cartan involution of g. We denote by g = k⊕ p the
corresponding Cartan decomposition with σ = Idk⊕ − Idp and β the Killing form of g. We then have
β (X,Y ) = 0 for each X ∈ k and Y ∈ p. Let’s consider a an abelian Lie subalgebra of g contained in p
and maximal for this property. For each linear form [λ : a→ R] ∈ a?, we set
gλ := {X ∈ g : [H,X] = λ (H)X for each H ∈ a} ⊂ g.
A linear form λ ∈ a?\ {0} such that gλ is non trivial is called (restricted) root of g. The set of all these
roots is denoted by Σ ⊂ a?. For λ ∈ Σ, the subspace gλ is called (restricted) root space of g. It is well
known that the Lie algebra g admits the root space decomposition
g = g0 ⊕
(⊕
λ∈Σ
gλ
)
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and we have [gλ, gµ] ⊂ gλ+µ and g−λ = σ (gλ) for each λ, µ ∈ a?. In addition, the subspace g0 is a Lie
subalgebra of g which admits a decomposition
g0 = a⊕m with m := {X ∈ k : [H,X] = 0 for each H ∈ a} .
As β is positive definite on a× a, for λ ∈ a?, we can introduce Hλ ∈ a as the unique element in a such
that β (Hλ, H) = λ (H) for each H ∈ a. The set {Hλ : λ ∈ Σ} spans a and we have
[X,σ (X)] = β (X,σ (X))Hλ (1)
for all λ ∈ Σ and X ∈ gλ. As a consequence, it is easy to remark that
[X,σ (Y )]m := [X,σ (Y )]− β (X,σ (Y ))Hλ ∈ m (2)
for each λ ∈ Σ and X,Y ∈ gλ. In fact, as we have [X,σ (Y )]m ∈ g0 = a⊕m where a ⊂ p and m ⊂ k
orthogonal with respect to β, showing this assertion is equivalent to showing that β ([X,σ (Y )]m , H) = 0
for each H ∈ a. This follows from the properties of the root space decomposition of g and ad-invariance
of β through the equalities
β ([X,σ (Y )]− β (X,σ (Y ))Hλ, Hµ) = β (X, [σ (Y ) , Hµ])− β (X,σ (Y ))β (Hλ, Hµ)
= β (X,− (−λ) (Hµ)σ (Y ))− β (X,σ (Y ))λ (Hµ) = 0,
for an arbitrary root µ ∈ Σ.
As the symmetric bilinear form βσ : (X,Y ) ∈ g× g 7→ βσ (X,Y ) := −β (X,σ (Y )) is positive definite, the
pair (gλ, βσ) defines a Euclidian vector space for each λ ∈ Σ. We can now state our result.
Theorem 1. Let’s consider λ ∈ Σ and X ∈ gλ \ {0}. Then, we have
[m, X] = X⊥(λ) := {Y ∈ gλ : βσ (X,Y ) = 0} .
In particular, the root space gλ admits the decomposition gλ = RX ⊕ [m, X].
Proof. For each Y ∈ m, by using successively the ad-invariance of β, relation (1) and the orthogonality of
a ⊂ p and m ⊂ k, we get
β (X,σ ([X,Y ])) = β ([X,σ (X)] , Y ) = β (X,σ (X))β (Hλ, Y ) = 0.
Therefore, the inclusion [m, X] ⊆ X⊥(λ) is immediate. In order to show the reverse inclusion, let’s consider
an arbitrary element X ′ ∈ X⊥(λ). From relation (1) and the Jacobi identity, we get
X ′ =
(
1
λ (Hλ)
)
[Hλ, X
′] =
(
1
λ (Hλ)β (X,σ (X))
)
([[X,X ′] , σ (X)] + [X, [σ (X) , X ′]]) . (3)
We set X ′′ := [[X,X ′] , σ (X)]. It is clear that X ′′ ∈ X⊥(λ). In particular, if we iterate the development
above with X ′′, we have
X ′ =
(
1
λ (Hλ)β (X,σ (X))
)((
[[X,X ′′] , σ (X)] + [X, [σ (X) , X ′′]]
λ (Hλ)β (X,σ (X))
)
+ [X, [σ (X) , X ′]]
)
. (4)
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Again, from relation (1) and the Jacobi identity, we can deduce
[X,X ′′] = [[X,X ′] , [X,σ (X)]] = −2λ (Hλ)β (X,σ (X)) [X,X ′] (5)
given that 3λ /∈ Σ. As a consequence, by combining (4) with (5), we obtain
X ′ =
(
1
λ (Hλ)β (X,σ (X))
)((
−2X ′′ + [X, [σ (X) , X
′′]]
λ (Hλ)β (X,σ (X))
)
+ [X, [σ (X) , X ′]]
)
. (6)
If we compare (3) and (6), we get easily 3λ (Hλ)β (X,σ (X))X ′′ = [X, [σ (X) , X ′′]], and then
X ′ =
(
1
λ (Hλ)β (X,σ (X))
)
[X, [σ (X) , Z]] where Z :=
(
1
3λ (Hλ)β (X,σ (X))
)
X ′′ +X ′ ∈ X⊥(λ).
Given that β (Z, σ (X)) = 0, it follows from (2) that [σ (X) , Z] ∈ m and the proof is complete. 
The following corollary can be deduced trivially from the previous theorem.
Corollary 2.
(a) If the root λ ∈ Σ is such that dim (gλ) = 1, then [m, X] = 0.
(b) If the Lie algebra g is such that m = 0, all the root spaces of g are one-dimensional.
Let’s consider G a connected Lie groups with Lie algebra g and K ⊂ G a Lie subgroup of G with Lie
algebra k. We denote by C∞ (G/K) the set of real valued smooth function on the connected homogeneous
space G/K. It is well known that the Lie group G acts differentially and transitively on G/K via the action
G×G/K → G/K : (g, g′K) 7→ (gg′)K. In what follows, for X ∈ g, the notation X? ∈ Γ (T (G/K)) will
refers to the fundamental vector field associated with X which is defined at point gK ∈ G/K by
X?gK :=
d
dt
∣∣∣∣
t=0
(exp (−tX) g)K.
Corollary 3. Let’s consider f ∈ C∞ (G/K) such that X?f = 0 for all X ∈ m. Then, for each λ ∈ Σ, the
function
fλ : gλ → R : X 7→ f (exp (X)K)
depends only on βσ (X,X). In particular, the function fλ is radial in the Euclidian vector space (gλ, βσ).
Proof. Let’s fix λ ∈ Σ. For each X ∈ m ⊂ k and Y ∈ gλ, given that exp (X) ∈ K, we have
0 = (X?f) (exp (Y )K) =
d
dt
∣∣∣∣
t=0
f ((exp (−tX) exp (Y ) exp (tX))K)
=
d
dt
∣∣∣∣
t=0
fλ
(
Adexp(−tX) (Y )
)
= fλ?Y ([Y,X]) .
As a consequence, in view of theorem 1, the map fλ?Y vanishes on Y
⊥(λ) for each Y ∈ gλ and the result
follows. 
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